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6 Abstract

7 This paper applies the dynamic knowledge diffusion model developed by [Lucas and Moll
8 (2014)) to examine how worker productivity distribution evolves and how long-run growth
9 responds to the shift toward hybrid work environments. In the model, workers differ
10 in their productivity and allocate time between working from home (WFH) and work-
11 ing on-site (WOS). Productivity improves only through learning from higher-productivity
12 workers. I incorporate a learning probability kernel based on relative productivity and
13 empirical rate of returns of face-to-face spillovers to better capture heterogeneity in knowl-
14 edge transmission. The allocation of time between remote and on-site work determines
15 both the current level of output and the economy’s long-run growth path. Through nu-
16 merical simulations, I characterize the balanced growth equilibrium under various hybrid
17 work intensities. Furthermore, I compare decentralized outcomes with the socially op-
18 timal solution that internalizes the positive externalities of knowledge spillovers. The
19 findings contribute to the ongoing policy debate on the optimal design of remote work in
20 the post-pandemic economy.

a1 Keywords: working from home, hybrid working arrangement, interaction-based endogenous
2 growth, knowledge spillover through interaction, productivity dynamics
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1 Introduction

The COVID-19 pandemic has profoundly transformed our lives, and the shift toward working
from home (WFH) is one of its most enduring legacies. Although the pandemic has subsided,
working arrangements have not reverted to their pre-pandemic norms. Figure (1] illustrates the
historical trend of WFH since 1965. As of July 2025, 27.3% of full workdays in the U.S. are
conducted from home, which translates to an average of 1.37 days per week ((Barrero et al.,
2021b)). This figure is more than sixty times higher than the pre-pandemic average of 0.02 days
(0.4%). A growing body of research argues that this structural change is here to stay ((Barrero
et al 2021b} [Bick et al) 2021))[]

While the rapid adoption of WFH is evident, its productivity effects remain controversial.
Many workers report benefits such as reduced commuting time and greater leisure, often claim-
ing that they are more productive at home. For instance, survey data from Barrero et al.
(2021Db)) indicated that 39.2% of respondents experienced increased productivity when working
remotely, compared to only 15.2% who reported a negative impact.

However, these positive assessments are not universal. Managerial-level employees often
report declines in productivity, citing increased coordination and management costs associated
with remote work ((Bloom et al, [2023)). Young professionals, particularly early-career work-
ers, also report challenges in acquiring tacit knowledge due to limited face-to-face interactions
((Goldberg and Casselman), |2023))). Empirical evidence from [Emanuel et al. (2023) supports
this concerns, showing that mentoring and feedback significantly declined for remote workers in
a Fortune 500 tech firm: A decrease in task-related feedback was especially apparent for young
female workers.

Furthermore, after several months of the WFH experiment, some firms have called workers
back to the office. Although we do not yet have a complete data analysis, these firms may
internally have found some drawbacks of WFH. Although there exist many anecdotal and survey
literature on WFH, they mostly focus on short-term analysis. Without a formal analytical
framework, it remains difficult to evaluate the long-run implications of WFH on productivity
and growth.

The purpose of this research is to develop a framework that analyzes the effect of a hybrid
working environment and to investigate its impact on productivity and economic growth. The
main question is how the WFH affects workers” productivity, long-run growth and, ultimately,

welfare. We also consider the question of whether the current 27.3% of workdays represent a

!These studies highlight multiple factors behind this persistence: (i) the actual WFH experience exceeded
expectations for both workers and employers; (ii) technological improvements and targeted investments have
facilitated remote work; (iii) the stigma associated with WFH has diminished; and (iv) concerns about health
risks and infection continue to influence preferences. In short, the long-term shift toward hybrid work reflects
both preference changes on the household side and technological advances on the production side.
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Figure 1: WFH trend
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Note: WFH share represents the percentage of full-paid workdays per week.

Source: U.S. Survey of Working Arrangements and Attitudes (SWAA)

Related Literature This paper builds upon two strands of literature. Firstly, it contributes
to the growing literature on the roles and impacts of WFH, especially in the post-pandemic
economy. Several studies, including Barrero et al.| (2021a)), Barrero et al. (2021b), Barrero et al.
(2023)), Bick et al.| (2021)),|Aksoy et al.| (2022)), Aksoy et al.| (2025)), have shown that the transition
in working arrangement is likely to be permanent and pervasive, especially among college-
educated workers and in knowledge-intensive industries. These papers emphasize that WFH
improves aggregate productivity primarily through reduced commuting time and improved job
matching. Eberly et al.| (2021)) highlights WFH as a form of 'potential capital,” which enhances
resilience by diversifying working arrangements against negative shocks to the economy.

A growing body of policy-focused studies further underscores the macroeconomic signifi-
cance of WFH. For example, the U.S. Government Accountability Office| (2025)) evaluates that
mandatory full-return-to-office policies may hinder labor market efficiency. In the general equi-
librium context, Behrens et al.| (2021) have investigated the effects of WFH on growth and
inequality. Bagga et al. (2023) have shown that preference shock toward remote work is the
main factor explaining the unconventional pattern of labor market reallocation post-COVID

period.
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Secondly, from a theoretical standpoint, this paper is related to interaction-based growth
theory and knowledge spillovers. |Akcigit et al| (2018); Lucas and Moll (2014); |Perla and
Tonetti (2014) establish models in which innovation and knowledge diffusion occur through
interactions among heterogeneous agents |Jarosch et al. (2021)) provide econometric estimates
on the value of learning from coworkers at the work site, while |Atkin et al. (2022) leverage
cellphone-based location data to quantify the granular return to face-to-face interactions in
Silicon Valley. Similarly, Kerr and Robert-Nicoud (2020) and Emanuel et al.| (2023) show
that the productivity of workers in high-skill tech sectors is amplified by physical proximity to
knowledgeable peers.

Among these, |[Lucas and Moll (2014)) is the most relevant for this paper. I adapt their
knowledge diffusion framework to investigate the productivity implications of reduced face-to-
face interaction under remote work. In contrast to the existing model that centers on aggregate
output maximization, our framework incorporates a utility maximization problem at the in-
dividual level. Moreover, I introduce a micro-founded learning probability function, informed
by empirical estimates from |Atkin et al. (2022), to capture how the effectiveness of knowledge
transmission depends on both proximity and the productivity distance between agents.

Taken together, this paper bridges the empirical insights on WFH with the theoretical lit-
erature on interaction-based growth model that reveals heterogeneous productivity and welfare
outcomes arising from differential access on in-person interactions.

The rest of this paper is organized as follows. Section [2| presents the model and establishes
an equilibrium concept in the decentralized economy. In Section |3 the computation strategy
and quantitative results are given. In Section 4] I solve social planner’s problem and compare

the results from the decentralized economy outcome. Section [5| concludes.

2 Model

This section introduces a continuous-time model of endogenous growth driven by knowledge
spillovers through worker interactions. The structure is based on Lucas and Moll| (2014), with
a critical modification to incorporate hybrid work arrangements. Workers divide their labor
time between working on site and working from home, and learning opportunities arise from

interactions in both settings, though with differing probabilities.
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2.1 Environment
Time is continuous. At initial time 0, each worker’s productivity level Z € R, is randomly,
exogenously drawn from a cumulative productivity distribution F'(z,0), defined as:

F(z,0) = Pr{z < z at date 0}.

We assume that the initial cumulative distribution F(z,0) has a Pareto tailP]

ASSUMPTION 1. Pareto Tail
There exist k,6 > 0 such that

1-F
lim 7(2’0)

2—00 ~—1/0

= k.

I further assume that productivity specifically follows a Fréchet distribution as a Fréchet

distribution has a Pareto tail.

ASSUMPTION 2. Fréchet Distribution

F(2,0) = ®o(2) = e ",

f(Z,O) = ¢0(2) = ];Zl/glekzlw'

The productivity level z determines the worker’s individual output and influences their
ability to contribute to the productivity growth of others through interactions.

Each worker allocates their unit time available between working from home (WFH) and
working on-site (WOS). Let h(z,t) € [0,1] denote the fraction of time a worker of type z
devotes to WFH at time ¢. Then 1 — h(z,t) represents the corresponding time spent WOS.

Production Consistent with|Lucas and Moll| (2014}, each worker produces output using their
individual productivity and a fixed amount of labor. Individual output per labor at time ¢ is

given by:
y(t) = z(t) for all ¢t.
The per capita production in the economy is:

Y(t) = /OOO y(t)f(z,t)dz for all t

%I impose the Pareto tail assumption for the following two reasons: (i) theoretically speaking, a Pareto tail is
necessary in a perpetual growth model, and (ii) empirically speaking, wage distribution exhibits a Pareto tail.
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where f(z,t) = OF(zt)

The productivity distribution evolves endogenously over time as workers engage in learning

denotes the cross-sectional productivity density function at time ¢.

through interactions. A worker of type z can improve their productivity by meeting and learning
from a more productive worker with productivity ¥ > z. The law of motion of productivity

distribution is derived in Section 2.2|.

Meeting and Learning Learning occurs stochastically upon meetings. Meetings among
workers also occur randomly, with the meeting probability depending on whether workers are
on-site or remote. Let a, and «ay, denote these probabilities, respectively.

We define the meeting probability function for a worker of type z, denoted by «a(h(z,t)), as

a decreasing function of their work-from-home (WFH) share:
alh(z,t)) = (@, — ap)(1 = h(z,t)" + ap,

where «, € (0, 1] represents the meeting probability under full on-site work, and «y, € (0, o)
under full remote work. The function smoothly interpolates between these two extremes. The

curvature parameter n > 0 governs the sensitivity of meeting probability to on-site work inten-
sity. EI

2.2 Evolution of Productivity Distribution

This section characterizes the evolution of the productivity distribution over time, capturing
how each worker improves one’s productivity by learning from others. The model builds upon
the learning dynamics introduced by [Lucas and Moll (2014)), while implementing a more realistic
partial learning rule that allows for gradual and stochastic updates in productivity, rather than

instantaneous jumps to the higher productivity level.

Stochastic Partial Learning Workers improve their productivity through stochastic inter-
actions. Upon meeting a more productive worker with productivity level y > 2z > 0, a worker

of type z partially updates her productivity according to the partial learning rule as follows:

7 =T(z,y) =1 -Xz9) 2+ AXz,y) vy,

3When 7= 1 the meeting probability increases linearly with on-site work. When 7 > 1, the gains from
on-site work are convex, which means that the interaction benefits increase more rapidly as workers spend more
time on-site. Conversely, when 1 < 1, the meeting function exhibits diminishing returns: even limited on-site
presence (e.g., occasional office visits) can capture most of the interaction benefits. This curvature allows the
model to flexibly reflect different degrees of complementarity between physical presence and knowledge diffusion.
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where A(z,y) € (0,1) governs the intensity of learning. We assume

Mzy) = A+ (1-A) (y)_ A€ (0,1), >0

z

This formulation implies that productivity improvements depend on the relative distance be-
tween workers. As the productivity gap widens, learning becomes more ineffective. This mod-
ifies the seminary |Lucas and Moll (2014)), where productivity jumps instantaneously to the
higher level upon meeting. Our approach reflects more realistic workplace learning, where
knowledge increment takes place as gradual increment. Note that we denote A as the minimum
learning intensity, which ensures that even the least productive agents have a strictly positive

probability of upgrading their productivity through partial learning.

Law of Motion of Productivity Density Distribution Let f(z,t) denote the density
of workers with productivity z at time t. In this economy, productivity density distribution

evolves as follows:

afé? t) _ —a(h(z, 1)) f(z1) /y )y
# [ ot @) [ 100 - Tl )] by (1)

inflow

The first term on the right hand side represents outflow from productivity z. This term reflects
the loss of mass at productivity level z due to upward transitions. A z-type worker can meet a
more productive worker (y > z) and move to a higher productivity level 2’ > z, reducing the
density at z.

The second term on the right hand side of the law of motion equation represents inflow
to productivity z. This term captures the gain of mass at productivity level z from workers

of lower productivity ¥y < z who learn and improve exactly to z. The detailed derivation is
provided in Appendix [A.T]

2.3 Household Problem

At each time t, we assume that workers have the option to choose between WFH and WOS.
Each worker chooses optimal WFH intensity h(z,t) € [0, 1] to maximize one’s lifetime utility.

The instantaneous utility function is given by:

u(z,t) = c(z,t) + 2(t) log (2, t)
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where ¢(z,t) denotes consumption and [(z,t) denotes leisure. The utility function assumes that
workers are risk-neutral in consumption but exhibit risk aversion in leisure, which is scaled by
their productivity level z(t).

Leisure is constructed as:
(2,) =1 — L — (1 —h(z,0)y — §h<z,t>2

where L is the fixed amount of labor, y denotes commuting cost when a worker works on site,
€ inefficiency of setting up office when a worker works at home.

Notice that the partial derivative of leisure with respect to WFH ratio h(z,t) captures the
trade-off effects of WFH:

ol(z,1)
Oh(z,1)

= x — €h(z,1).

In other words, workers, when they work at home, can enjoy additional leisure by saving
commuting time, which is linear in y. However, at the same time, they also have to give up a
certain amount of leisure due to distractions and inefficiency caused by WFH working setup,
which is convexly increasing in WFH ratio h(z,t).

Further assuming that ¢(z,t) = y(t) = z(t) in equilibrium, we can rewrite the instantaneous

utility function:
u(z,t) = z(t) + z(t)log(1 — L — (1 — h(z,t))x — %h(z,t)Q).

For any policy h(z,t) with given 2z, V"(z,t) is the household’s discounted expected lifetime
utility:

Vi(z,t) =E { |7 e ), | 0 = 2|

The workers want to choose policy h(z,t) so as to maximize V"(z, ). The optimal value function
V(z,t) = max;, V"(z,t) satisfies the dynamic programming principle, which leads to the HJB

equation as follows:
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pV(z,t) = }{n[zg)l(]{ u(z,t) + 3‘/(;;',)
€10, ——

——

Falhizt) [ VT - V] fo0dy)

current flow utility C .. . . R . .
explicit time variation expected gain from learning via meetings

(2)
oV (z,t)

— max {2+ zlog(1 = L= (1= h(z,t)x — Sh(z0)7) + =

hel0,1]

+alh(z) [ [VITEw).0 = V0| r ),

The formal derivation of the HIB equation is provided in Appendix [A.2] The left-hand side,
pV (z,t), represents the required flow return that makes the continuation value V'(z, t) consistent
with discounting at rate p.

The first term inside the braces, u(z,t), is the instantaneous utility from current consump-
tion and leisure given the worker’s time-allocation choice h(z,t).

The second term, 0V (z,t)/0t, captures explicit time variation in the value function that
arises when the aggregate environment evolves over time, for example through changes in
the cross-sectional productivity distribution f(-,¢) or in equilibrium objects pinned down by
that distribution. In stationary environments (e.g., along a balanced growth path), this term
typically vanishes.

The final term reflects learning through stochastic meetings. Meetings arrive at Poisson
rate a(h(z,t)). Conditional on a meeting, the worker encounters a more productive peer with
productivity y > z drawn from the current distribution f(y,¢). Under the partial-learning
rule, the worker’s productivity updates to T'(z,y), implying a change in continuation value
from V(z,t) to V(T(z,y),t). The integral therefore aggregates the expected value gain from
potential learning opportunities across all higher-productivity counterparts, weighted by their

density in the economy.

2.4 Equilibrium

DEFINITION 1. (Equilibrium) Given the initial distribution f(z,0), an equilibrium is a triple
(f,V,h) such that (i) given h, f satisfies its low of motion equation for all (z,t); (ii) given
[,V satisfies HIB equation (9); and (iii) h(z,t) attains the utility mazimum for all (z,t).

DEFINITION 2. (BGP Equilibrium) A balanced growth path (BGP) equilibrium is an equi-
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librium with a constant v and a triple of functions (¢,v,c) on Ry such that

fz,t) = eo(ze™), (3)
V(z,t) = e"v(ze ™), (4)
h(z,t) = o(ze ) (5)

for all (z,t) and (f,V,h) is an equilibrium with the initial condition f(z,0) = ¢(z).

On a BGP equilibrium, productivity density function f grows as a traveling wave, main-
taining its shape. To normalize productivity level, we use a normalized productivity z = ze™*.

The value function V' grows at a rate of -, and optimal WFH ratio h(z,t) does not change.

LEMMA 1. Homogeneity of Degree One of Learning Update Rule.

The learning update rule T'(z,y) is homogeneous of degree one, i.e.,
T(nz,ny) =nT(z,y) forany n > 0.

Proof. Recall that T'(z,y) = (1 — AM(z,v)) z + AM(z,y)y, y > z > 0 where the learning weight
depends only on the relative productivity gap:

MNzy) = A+ (1—2) (y>_ A€ (0,1), k>0,

In other words,

Az mg) = A+ (1 - ) (22)
nea(h)
= Az,y)
Therefore,
T(nz,ny) = (1 — AMnz,ny)) (nz) + A(nz, ny)(ny)
=n(l —Xz,y)) z+nA(z,y)y
= n{(1=X(z,9)) z + A(z,9) y}
=nT(z,y)
which proves the claim. O

To investigate the equilibrium on the balanced growth path, let us restate each function

in terms of BGP form. Note that I repeatedly use a change-of-variables argument under the

10



o1 BGP scaling. For completeness, Appendix and prove the key transformations used to
22 rewrite the law of motion of productivity density distribution and household’s HJB equation in
223 stationary form.

4 From by definition and by construction,

2!

N

0f(z,t)
ot

= —ye ' p(ze) + e Y (zeT) (—yzeT ™)
= —ye o(x) — e Myag(z) (6)

»s where x = ze 7" denotes the normalized productivity.
226 Rewriting the right-hand side of equation on a BGP,

af(z7t) _ -t -
— = —e a(a(aj))¢(fl?)/ P(s)ds

x

+e /OI alo(s))o(s) [/;O o(r)op (x —T(s,r)) dr} ds (7)

207 Equating @ and , and crossing out e~ from both sides, we have

[e.e]

o(r)op (x —T(s,71)) dr] ds.
(8)

—d(z) — y2d (z) = —a(o(x))(2) /f o(s)ds + /0’” a(o(s))o(s) [/x

228 Likewise, the HJB equation ({2|) can be rewritten as

~ [U(T(:{:, $) — ()

6(s) ds}.
(9)

(p—y)v(x) — x4+ vy () = max {xlogl(a(m)) + a(o(x)) /

O’E[O,l} x

2 2.D BGP Growth Rate

20 Total production on a BGP is

2 Total production grows at the rate of v on a BGP.

11
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LEMMA 2. BGP Growth Rate.
Under the Assumptions[1] and[4, BGP growth rate is pinned down as

7= 0ab [ alo(y)oy)dy. (10)

Refer to the Appendix for a rigorous proof. Also note that the BGP growth rate v boils

down to |Lucas and Moll (2014) case when A = 1, which means the extreme value jump case.

3 Quantitative Analysis

3.1 Computation Strategy

Recall the HIB equation (9)). Define the function

S(z) :/:O

Then, the first-order condition for o(x) is

v(T(z,s)) —v(x)|P(s)ds.

<0, ifo(zx)=0,

t0 0@ L o(@))Sa) =0, 0 < o(r) <1, (11)
L= L—(1=o(x)x - 50 >0, ifo(z)=1

For a specific functional form of « function, we use a(o(z)) = (a, — ap)((1 — o(x))" + ay
where «, denotes the meeting probability of workers in office and a4, the meeting probability
of workers at home. For the specific numerical value, we use the estimated meeting probability
values from Atkin et al| (2022).

Next, consider the productivity distribution function . Rewrite the equation as

—19(2) = 06/ (2) = —a(o(@)$()[1 - B(@)] + dla)(2) (12)
where
v(@) = [ alo(s)os) | [ 6)an(s — Tls,r)) dr| ds (13
O(r) = /0 " b(s)ds. (14)

To carry out the Bellman function iteration and distribution iteration, I apply a finite
difference method on a grid (zy,xs,...,x;,...,x7) of I values. The specific parameter values
that I chose are given in Table [I]

12
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Table 1: Parameterization and Source of Identification

Interpretation and Source

Parameter Value Classification
Qo 0.305 Literature-informed assumption
ap 0.076 Literature-informed assumption
n 1.1834 Conditional calibration
A 0.41145 Conditional calibration
K 1 Exogenous assumption
X 0.05 Literature-anchored calibration

0.05 Exogenous assumption

P 0.05 Exogenous assumption
0 0.5 Literature-informed proxy
L 1/3  Normalization

Meeting arrival rate in on-site working ar-
rangement motivated by |Atkin et al.| (2022)
Meeting arrival rate in remote working ar-
rangement motivated by |Atkin et al.| (2022)
Jointly chosen with A to approximately
match aggregate WFH and annual growth
rate

Minimum fraction of a productivity gap
learned per productive encounter; jointly
chosen with 7

Curvature of partial learning with respect to
the productivity gap

72 minutes of commute-time savings divided
by 24 hours, using Aksoy et al.[ (2023)
Convex WFH time-equivalent cost
Conventional annual continuous-time dis-
count rate.

Implies productivity-tail Pareto exponent
1/6 = 2; motivated by evidence on the US
labor-income tail Lee et al.| (2022)

Eight work hours out of a 24-hour daily time
endowment.

Notes. No structural parameter is estimated directly by econometric methods in the current specification.
The meeting arrival rate in each working arrangement, 0.305 and 0.076, was estimated within 30-minute time

window. The model takes them as same as annual intensities.

Table 2: Quantitative Results

Moment

Target Model

Mean WFH share
Annual productivity growth

27.30% 27.1994%
2.00%  2.0021%

3.2 Quantitative Results

Figure [2| shows the competitive equilibrium of WFH ratio on the BGP. Note that WFH ratio

is weakly increasing in relative productivity. This is because a worker with higher productivity

has smaller room to improve their productivity, thus less incentive to meet others in person

compared to the cost of commuting, and prefers to work from home. This result coincides

with the results from Emanuel et al. (2023), which shows that younger workers with lower

productivity prefer face-to-face interaction. The model-generated average WFH ratio is 27.19%

and economic growth rate on the BGP v is 2%.

13
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Figure 2: Optimal Work-from-Home Policy in the Decentralized Economy

Optimal WFH policy: Decentralized economy
100 A

80 -

60 -

40 4

Optimal WFH share (%)

20 A

0 T T | T T T T
0.1 0.2 0.5 1 2 5 10 20

Productivity relative to DE median

Table 3: Quantitative Results

Moment Target Model

Average WFH share 27.30% 27.1994%
Annual productivity growth — 2.00%  2.0021%

Table 4: Long-run Productivity Growth Under Mandated Work Arrangements

Allocation Average WFH share (%) Annual BGP growth (%)

100% WFH mandated 100 0.643

Decentralized equilibrium 27.199 2.002

100% WOS mandated 0 2.581
Notes: The forced cases impose h(z) = 1 or h(z) = 0 for all workers and jointly re-solve the stationary
finite-volume productivity distribution. The growth rates are permanent BGP comparisons, not dynamic

transition effects. The difference between 100% WOS and 100% WFH is 1.938 percentage points per year.
Forced policies do not mean welfare optimal.

Table [3| summarizes the quantitative results of the model calibration and compares the

results with the targeted moments.

Counterfactual Analysis I also conduct a couple of counterfactual experiments by fixing
WFH ratio as 0% (fully on-site scenario) and 100% (fully remote scenario). Table 4| shows that

14
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if every worker works on site, BGP economic growth rate is 2.581%. On the other hand, if

every worker works at home, BGP economic growth rate plummets to 0.643%.

4 The Planner Problem

Notice that, in the decentralized economy, each agent does not consider the positive externalities
of his own knowledge for others when he chooses the optimal WFH ratio. In this section,
we investigate how a benevolent planner would allocate time, accommodating this positive
externality problem. The objective function of the social planner is to maximize total utility

in the economy.

WIS )] = max / o) /0 T ulz, ) f(z,7)dzdr

t

subject to the law of motion for f as in the equation (2)). Note that, unlike the decentralized
economy where the state variable is the specific individual’s productivity z, the state variable
in the social planner’s problem is the productivity distribution f(-,¢) as a whole.

Define the marginal social value of a type z as

_ d W[f(’ t)]
YTy

Marginal social value of a type z measures the contribution of a worker with productivity z

to aggregate discounted welfare. It satisfies the HJB equation:

Ow(z,t)

pw(z,t) = max {u(z,t) + BT

he(0,1]

+ a(h(z,1)) /:o[w(T(z, 2, t) —w(z, )] f (2, t)dZ
expected gain from learning via meetings
+ [Talhly )Ty, 2) = w0l 0dy | (15)

positive externality value of knowledge spillover

The detailed derivation is available in Appendix

DEFINITION 3. (Pareto Efficient Allocation) Given the initial distribution f(z,0), a Pareto
efficient allocation is a triple (f,w,h) such that (i) given h, [ satisfies () for all (z,t); (ii)
given f, w satisfies (15); and (iii) h(z,t) attains the social welfare mazimization for all (z,t).

DEFINITION 4. (BGP Pareto Efficient Allocation) A balanced growth path (BGP) Pareto

efficient allocation is an allocation with a constant vy and a triple of functions (¢,w,() on Ry
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285
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287

288

289

290

291

292

293

such that

f(z,t) = e(ze™), (16)
w(z,t) = eMw(ze ), (17)
h(z,t) = ((ze™) (18)

for all (z,t) and (f,w,h) is an allocation with the initial condition f(z,0) = ¢(z).

The fundamental insight of each function is the same as the decentralized equilibrium: on
a BGP, productivity density function f(z,t) is a traveling wave maintaining a same shape,
marginal social value w(z,t) grows at a rate of v, and optimal time allocation spent on WFH
h(z,t) does not change.

As in the case of a decentralized economy, restating the social planner’s problem in terms

of normalized productivity x = ze 7, a BGP Bellman equation is

(p = Vw(z) +yaw'(z)

A2
= C(glee%,l} {x +zxlog(l—L—(1—()k— EC(QC) )

(@) [wT(@,5) —w@lols)ds + [ alCr)w(T(r2) = wr)lo(r) dr.
(19

[e.9]

and the productivity density distribution on a BGP follows the law of motion equation .

4.1 Computation Strategy

We apply the finite difference method, which is the same computation method used in the
decentralized economy. Recall the HJB equation for social planner in a BGP form:

((z)€[0,1]

(p = Y)w(@) + yaw'(x) = max {w +alog(l — L — (1= ((x))k — ;\C(ﬂf)Q) +a(C(x))S(x) + R(x)},

where S(x) and Q(x) are defined as

16
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Figure 3: Optimal Work-from-Home Allocation by Social Planner
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( Cw)s 2§(x) >0 if((z) =1

4.2 Quantitative Results

Figure 3] shows the optimal WFH allocation on the BGP chosen by social planner. The social
planner’s Pareto efficient allocation shifts the optimal WFH choices rightward. The figure says

that a certain amount of workers, whose relative productivities lie between the median and

the 3.15 times and who choose to work hybrid in a decentralized economy, are now encour-

aged to work on-site in the social planner’s case. The average WFH ratio is 0.0358% when

workers internalize the value of externality. Economic growth rate v is 2.58%, higher than the

decentralized case.

Table [5[ compares the major variables of interest in the decentralized economy and social
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Table 5: Comparison between Decentralized Outcome and Social Planner Allocation

Allocation Average WFH share (%) Annual BGP growth (%)
Decentralized equilibrium 27.1994 2.0021
Social planner allocation 0.0358 2.5809

planner allocation.

4.3 Policy Discussion

How can decentralized economy achieve the Pareto efficient allocation? To internalize the pos-
itive externalities of working on-site, the government can incentivize office workers or penalize
workers at home. Considering the robust preference for working from home, incentivizing work-
ing onsite would be more feasible than penalizing the WFH. In particular, policies that reduce
commuting time may increase workers’ incentives to work on-site.

An example of existing policies is the Live Near Your Work program offered by Johns
Hopkins University in partnership with Baltimore City, which provides financial assistance
to employees purchasing homes in designated neighborhoods near their workplaces. Another
example is the U.S. Federal Transit Benefit Program, which provides eligible federal employees
with subsidies for public transportation expenses associated with commuting to work, subject to
a monthly limit of $340 in 2026. Although primarily designed to promote public transportation
use, this program also reduces the monetary cost of commuting.

In the model, reductions in commuting time correspond to a decrease in the commuting cost
parameter y, making on-site work more attractive to workers. Monetary commuting subsidies
could operate through a similar incentive channel. By reducing the private cost of working on-
site, these policies could encourage face-to-face interactions, strengthen knowledge spillovers,
and promote long-run productivity growth. Policy instruments encouraging skillful workers to

work on site are also required.

5 Conclusion

This paper examines the long-run effects of hybrid working arrangements. Since the transition
in the working environment is relatively new, there are not enough time series data to look at.
To deal with this difficulty, we approach the research question from the theoretical side. The
model is mainly based on [Lucas and Moll| (2014), with two adjustments: (i) utility maximizing
objective function and (ii) micro-founded meeting probability function.

In modeling the effects of WFH, we consider a simple trade-off. The benefit of WFH is saving
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commuting time, which increases leisure time. The cost of WFH is the reduced face-to-face
meeting probability, leading to a forgone learning opportunity from others.

Quantitative results show that the BGP WFH ratio is 27.19% in the decentralized economy
and 0.036% in the social planner’s case. Economic growth rate is 2% in the decentralized
economy and 2.58% in the social planner’s case. The optimal time allocation for WFH is
heterogeneous in worker’s productivity: Lower-productivity workers choose to work on site;
Higher-productivity workers choose to work from home.

The contribution of this paper would be twofold: (i) to conduct research on WFH beyond
anecdotal and survey-oriented approach; (ii) to examine the long-run effects of WFH despite
the lack of sufficient time series data to look at.

This research has several limitations. Further rigorous empirical analysis is called for to
corroborate the results of this study. Also, once more data about the transition in the working
arrangement has accumulated, we can implement more granular and data-oriented empirical
research and compare the results from the theoretical experiments.

For future research, a better understanding of the nature of face-to-face interaction and
learning process among people will help appropriately adjust the evolution of productivity

distribution.
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: Appendix A Decentralized Economy

3

B

w A.1 Law of Motion of Productivity Density Distribution

30 Fix z > 0. A worker who is below z at time ¢ remains below z at time ¢+ A if either (i) she does
351 not meet anyone during (¢,¢+ A), or (ii) she meets someone but the post-meeting productivity
2 remains below z. Conditioning on the initial productivity level Z < z and using the Poisson

353 approximation gives

Fzt+A) = /0 F5.1) [ (1 - a(h(z.1)A) +a(h(2,t))A/Ooo Fly, ) L{T(Z,y) < 2} dy] d3.

no meeting meet but stay<z

354 Subtracting F(z,t) = [ f(2,t)dZ from both sides and dividing by A yields

Ia A)— F : . .
GO ZEED oGz + [ niEn [ [~ 01T ) < 2] dz
355 Letting A — 0 and rearranging terms, we obtain
aFéj’t) = [T 0G| [T o0 UTEY) < 2 dy 1) dz.
A B(2,2,t)
— [ H 2 00z 20)

36 where H(Z, z,t) := A(Z,t)[B(Z, 2, t) — 1]
357 Using f(z,t) = 0F(z,t)/0z and exchanging derivatives 0t0z = 0z0t, we have

of(z,t) 0 <8F(z, t)> .

ot 92\ ot

3

a1

s Differentiating with respect to z, we obtain

of(z,t) 0
ot 0z

z = 0H(Z, 2t

/ H(Z, 2, t)dz = H(z 2,1) +/ OH(Z 1), (21)
0 0 0z

0 'To begin with the first term on the right hand side,

H(z,z,t) = A(2,t)[B(z, z,t) — 1]
= alhlz )0 | [T HoOUTEY) < sy — 1]
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367
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369

370

Note that the bracket term in the above equation can be rewritten as
/0 Fly, VUT(z,y) < zpdy — 1= —(1 - /0 fy, )T (z,y) < 2} dy)
=~ [ 10Ty > 2y dy

Also note that by the partial learning rule,

T(y.2) 2>z if y>z
Y,z) =
<z if y<az.

Hence,
LT (z,y) > 2z} = 1{y > 2}.
Therefore,
H(z 1) = —a(h(z0)f(0) | fw.t)dy (22)

Next, regarding the second term in the equation ,

Note that

0 % 0
Bzt = | TGy <
JBG ) = [ f ) ST y) < 2}y
= [ #w.05( ~ T y)dy.
where 0(z—T(2,y)) is a Dirac delta, a generalized function that picks out contribution from the

event z = T'(Z,y) when integrated. Therefore, the second term in the equation becomes

oo

[ a0 [T 008G - TE )] dz. (23

Renaming of the dummy variables for the consistency of notations with the main part, the
equation can be rewritten as

o0

/OZ a(h(y, 1)) f(y.1) Uo f(Z,t)o(z — Ty, z’))dz’] dy. (24)

For y < z, for partial learning results to be exactly same as z, the effective integral in the
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372

373
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375

376

377

378

379

380

381

382

383

bracket of equation remains as

f(Z 00z — (T(y,2"))d7".

2>z

Then the second term in the equation becomes
| et sy [ 086~ (0. 2)ddy. (25)

Finally, putting the equations and together, we get the law of motion equation of

productivity density distribution function:

afé? t) _ —a(h(z,t))f(2,1) /y>zf(y’t)dy
! /ygz a(h(y, 1) f(y.1) [/2 F(0)8(2 — Ty, 2')d2'| dy.

A.2 Household HJB Equation

This appendix derives the Hamilton-Jacobi-Bellman (HJB) equation for the worker’s optimal
WEFH policy.

Recall that the discounted expected lifetime utility (conditional on Z(t) = 2) is

Vi(z,t) = E[/too e P D u(3(r), ) dr

5(t) = z} , (26)

where p > 0 is the discount rate. The optimal value function is V(z,t) = max; V"(z, ).
Consider a short time interval [¢,t+ A with A > 0. By splitting the integral in the equation
(26) at t + A,

t+A
Vi(z,t)=E l/ e_p(T_t)u(,%(T), T)dr + e P2V (E(t 4+ A),t + A)
t

A(t) = z] .

Optimizing over h yields the dynamic programming principle for the optimal value function:

t+A
V(z,t) = ’fn[aoui E / e P Ou(E(7), T) dT 4+ e PRV (E(t + A), t 4+ A)
elo, ¢

Z(t) = z| . (27)

continuation value
short term pay-off

Regarding the first term in the bracket of the equation (27)), applying the Taylor expansion,
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84 we get:

e PPu(z,t+A) ~ (1 pA +0(A%) (u(z, t) + a“(;t’ D O(A2)>
N du(z,t) _ Ou(z,t) o
~ u(z,t) + 5 A — pu(z, t)A —p 5 A

— u(z, ) + l&u((;, e t)] A+ O(A?)

sss 1Then the first term can be rewritten as:

/ e (u(z,t) + [a“f;t’ H_ ,ou(z,t)] At O(A2)> dr

=tz [ Car e |20 puten)] [T i+ [T 00

=u(z,t)A + A; [au(a? b_ pu(z, t)} + O(A?)
(

~u(z,t)A A) (28)

386 Now, we next consider the continuation value at ¢t + A. Note that expected continuation
;7 value of the equation is a probability-weighted average of the values associated with two
;s possible events: whether a meeting occurs during the interval [t,¢ + A] or not. If no meeting
10 occurs, the worker’s productivity remains at z, and the continuation value is V(z,t + A). If a
0 Mmeeting occurs, the worker’s post-meeting productivity depends on the productivity y of the

;1 encountered worker, resulting in the continuation value V(T'(z,y),t + A). Hence, we get:

E[V(2(t+A)t+A)|2(t) = 2]
— (1—aA)V(z,t+A) +al /0 V(T2 )t + A f(y, H)dy +o(A) (29)

No meeting

Meeting

32 where a = a(h(z,t)) and T'(z,y) denotes the post-meeting productivity.

303 As for the second term in the above equation,

/()OOV(T(Z,y),t+A)f(y,t)dy Vzt—l—A/fy, dy+/ V(T(z,y),t+ A)f(y, t)dy

:V(Z,H—A)(l—/z )+/OOV y),t+A)f(y, t)dy

23



304 Substituting this into (29 and rearranging terms yield:

E[V(3(t+ A),t+A) | 5(t) = 2] = V(z,t + A)
+aA/ Yt A) = V(zt+A)) f(y.t) dy + o(A).
(30)

3

©

5 Insert and into the optimal dynamic programming principle ([27):

V(z,t) = max {u(z t)A e A {V(z,t + A)

hel0,1]
h(z,1)) A/ Y),t+A) - V(z,t+A))f(y,t)dy]}.

s 10 derive the HJB equation, we express the continuation value at ¢t + A in terms of the current

7 value V/(z,t) and its change over the short interval A. Holding productivity z fixed, a first-order

3

©

:s  Taylor expansion gives V(z,t+A) = V(z,t)+ 8‘/(((;’ t) A+o0(A) and dropping o(A) terms gives:
oV (z,t)
V(z,t) = mnax {u(z A + (1 — pA) {V( t)+ o A
h(z,1)) A/ )+ A) — V(z,t+A))f(y,t)dy])}.

10 After canceling V' (z,t) from both sides, dividing by A, and letting A — 0, we obtain the HJB

200 equation:

OV (1)
ot

pV(z,t) = max {u(z t) +

Falhlen) [ (VTG0 = Vi) St o

4

o

1 This is equation (2)) in the main text.

« A.3 Law of Motion of Productivity Density Function on a BGP

w03 This appendix derives the law of motion of productivity density distribution along a BGP.
ws  Starting from equation , we transform the outflow and inflow terms using the BGP scaling
s conditions.

406 Recall that, on a BGP, the productivity density and the optimal WFH policy satisfy:

f(z,t) = e o(x), h(z,t) = o(x), r=ze
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407

408

409

410

Also, recall that the original law of motion is given by:

0f(z,t)
ot

where 0p denotes the Dirac delta function.

First, consider the outflow term,

—a(h(z ) () [ 1) dy.

= —a(h(z0)f(z0) [ f O dy+ [ alh(y,0f (.0 [ |1 0on(z = Tly, ) a2 dy.

To transform the integral, also define s = ye™7*. Then it follows that

— 7t
y=es,

dy = e"'ds.

The lower integration bound y = z becomes s = x. Therefore,

|t tydy = [T e o)t ds.

Substituting these expressions into the original outflow term yields:

—a(h(z 0)f (1) [ F.0)dy = —alo(@)e o) [~ e ols)e" ds

= —a(o(@))e "o(x) [~ ols)ds.

413

414

415

416

417

418

Next, consider the inflow term,

/Oz a(h(y,t))f(y,t) U:o f(Z,t)op(z — T(y,z’))dz’} dy.

To express this term in normalized productivity, define

where s and r represent the normalized productivity levels of the learning worker and the

encountered worker, respectively.

s =ye 1,

These changes of variables imply

and

—
y—€ Sa

dy = e'ds,

25

r=ze

/
2 = ey,

dz = e'dr.



a0 The integration bounds also transforms as:

420 and

21 Applying these transformations, the inflow term can be rewritten as:

[ ety )5t | [ 10000 - Tl ) d| dy

= [Catetone o) | [T e ool s — T(s )t dr| e ds
_ /O " a(0(s))(s) [ /  (1)6p (e — T(eMs, ) dr] ds

_ /0 " a(0(s))6(s) { / ¥ 6(r)p(r — T (s, 1)) dr} ds by LEMMA 1.

22 We now use the scaling property of the Dirac delta function:

op(aq) = MzéD(Q), a# 0.

w3 Since €7 > 0, it follows that

Sp(e”'x — e'T(s, 1)) = dp(e(x — T(s,7)))

= i(5[)(x —T(s,1)).

et

24 Substituting this result into the transformed inflow term, we obtain:

e [Talo)ets) | [

w25 Combining the transformed outflow and inflow expressions gives the equation in the main

o0

&(r)dp(x — T(s, 7)) dr] ds.

26 text.

=z A.4 Household HJB Equation on a BGP

28 This appendix derives the househodl HJB equation along a BGP. Starting from equation (2)),
w29 we transform the flow utility, the time derivative of the value function, and the expected gains

a0 from learning from others using normalized productivity scales.
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431 Recall that the household HJB equation is:

OV (z,1)

pV(z,t) = max {z—l—zlogl(h(z, t))—l—T+oz(h(z, t)) /:O V(T(z,y),t) —V(z,1)] f(y,t) dy}.

.2 On a BGP, the value function, productivity density, and optimal WFH policy satisfy:
V(z,t) = e"v(x), f(zt) = e "p(x), h(z,t) = o(x), r=c "z
433 First, consider the instantaneous utility,
z + zlogl(h(z,t)).

w4 Since z = €'z, it follows that

eV'x + erlogl(o(x)).

s Thus, the flow utility is proportional to €, with normalized flow utility z + zlogl(o(s)).
436 Next, consider the time derivative term. To differentiate the value function with respect to

a7 t, we apply the chain rule:

OV (z,t) 0etv(e z)
ot ot

= ve'v(x) — 'y ().

438 We now transform the expected learning gain. Define the normalized productivity of the

10 encountered worker as s = ye™ !, It follows that
y=els, dy = eV'ds.
w0 The lower integration bound y = z becomes s = x, so the integral is now taken over s € [z, 00).

/Z T V(T2 ) t) — V()] fly, ) dy = / T VT, ets)) - tu()] e e(s) s

= /;O {V(e”tT(x, s)) — e”tv(x)} ¢(s)ds by LEMMA 1.
a1 Note that using the BGP value-function scaling,
V(T (z,y),t) = ev(T(z,y)e ") = V(e"T(x,s),t) = "v(T(z,s)).
a2 Thus, the difference in continuation values can be expressed as

' (v(T(z,s)) — v(x)).
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444

445

446

447

448

449

450

451

452

453

454

457

459

460

461

Substituting these expressions into the expected learning gain yields:

et / T (T (x,5)) — v(@)] 6(s) ds.

We now substitute the transformed expressions into the original HJB equation:

o(x)

pe’tv(r) = max {e”tx + ez logl(o(x)) + ve'v(x) — eMya(z)

+a(o(z))e /OO

T

[w(T(z,5)) = v(x)]d(s) dS}-

Canceling out € from both sides and rearranging terms, we obtain equation (9 in the main

text.

A.5 BGP Growth Rate

The proof follows the standard upper-tail (threshold-crossing) argument used in Lucas and Moll
(2014) models, and adapts it to the present setting in which the meeting intensity depends on
the worker’s WFH choice. Fix a threshold z > 0 and consider the mass of workers with
productivity at most z, namely F'(z,1).

Over a short interval (¢, + A), a worker with current productivity Z < z remains below z if
either (i) no meeting occurs, or (ii) a meeting occurs but the realized post-meeting productivity
does not exceed z. To obtain a tractable expression for the leading-order change in F(z,t), we
use a sufficient condition for crossing above z that holds uniformly for all z < z.

Since A(Z,y) > A and Z > 0,

TEZy)=0-NzZ+X Xy > \y > .

Hence, whenever y > z/\, the worker’s post-meeting productivity exceeds z for any z < z:
y>z/ A = Ty >z

Meetings arrive as a Poisson process with intensity «(h(Z,t¢)). Thus, the probability of
(at least one) meeting over (t,t + A) is a(h(Z,t))A 4 o(A). Conditional on a meeting, the
probability that the encountered peer has productivity y > z/\ is 1 — F(z/\, t). Therefore, for
a given type Z < z, the probability of crossing above z over (¢, + A) is

alh(Z,t)A[l — F(z/A 0] + o(A).
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w2 Aggregating across Z < z yields the total mass leaving the set {Z < z}:
AL =F(z/A0)] [ alhlu, ) fu,1) du+o(A).
0

w3 Hence,
F(z,t+A) = F(z,t) — Al — F(z/At)] / a(h(u,t)) f(u,t) du + o(A).
0
ws  Dividing by A and letting A — 0 gives

OF(z,t)
ot

= —[1= F(z/A ] [ alh(u,0)f (1) du. ()
465 Now impose the BGP scaling F(z,t) = ®(x) with x = ze ", and f(z,t) = e "¢(z). Then

OF(z,1)
ot

= —yz(z).

w6 Using the change of variables s = ue™*, the integral on the right-hand side of (*) becomes

et )ity du= [“alo()s(s) ds,

wr and 1 — F(z/A\t) =1 — ®(x/)). Therefore, (%) can be written as

126(x) = (1= @(a/)] | alo(s))o(s)ds. (%)
468 Finally, take x — oo and use the Pareto tail and Frechet distribution assumption. We have
1

L= ®(w/A) ~ XNk wg(a) ~ Sk

w and [ a(o(s))é(s)ds — [T alo(s))¢(s)ds. Dividing both sides of () by kz~'/% and letting
a0 — 00 yields
1 o0
75 =21 [T a(o(s))os) ds.

an which implies

WIQVwAwawwa®d3
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. Appendix B Social Planner’s Case

4

3

=~ B.1 Marginal Social Value HJB Equation

s This appendix provides a derivation of HJB equation for marginal social value. Recall that

a5 social planner’s value function is

W(f(- )] = max /t T et (1) dr

h
a6 Where
U(t) = / w(z, 8) (2, 1) da.
0

ar7 Applying dynamic programming principle, we can rewrite social planner’s value function as

t+A

WG, 0 =maxd [ e #TU(r) dr + e AW L+ A)] .

t

a78 For small enough A close to zero, the changes in the productivity distribution and the

o optimal policy for WFH ratio contribute only higher-order terms to the integral. Hence, the

4

3

s0 instantaneous social utility accumulated over this short interval can be approximated by

/t”A e POV (1) dr = AU (1) + o(A)

R~ A/OOO u(z,t)f(z,t)dz.

481 For continuation value, taking Taylor approximation to discount factor gives us

e PR =1 — pA +o(A).

~ 1 — pA.
282 Similarly, taking Taylor approximation to the social value function, we have:
(z,8)] 0f (2, 1)
D+ A A / dz + o(A
WIICo o+ 2)] = [T ERIEIOE 4.y o)

—i—A/ w(z,t)f(z,t) dz.
0
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483

484

485

Substituting these values into the original value function rearranging terms, we obtain:
W, 0)] :m}?x{AU(t)Jr(l—pA)[ +A/ (2,1) dz}}
:W[f(-,t)]+Amgx{U() +/ ) dz }+0(A)
~ W[F (1)) + Amax {U(t) — W] + /OOO w(z, ) f(,1) dz}.

Subtracting W{[f(-,t)] from both sides, dividing by A, and rearranging terms, we get:

h

pWf(- )] = max { /OOO w(z ) f(z,1) dz + /OOO w(z, ) f(z,1) dz}. (31)

: 0 t
For the second term in the right hand side, note that f(z,t) = f(z1)

, which is equation ([1)),

9
s the law of motion of productivity density function. Plug equation in to the term to get

487

488

/°° (2,8) (2, 1) dz

= [T u ( ()1 0) [ fwdy+ [T aly0)f@.0) | [~ 1E 00 = T(.2) 4| dy) d
_ / Flzt /Oof t) dy dz
 [Twin [Cathly ) f w0 | [T 1E 080 - T(0,2) d| dydz.
inflow

Regarding the inflow term, changing the order of integration yields

/OO (2, t)/"’ (h(y,t))f(y,t [/ F( 4)op(z — T(y, 2 ))dz’] dy d
a / / (y, ) f (2, 1) V;l w(z,t)0p(z — T(y,2")) dz] dz' dy

= / / a(h(y, ) f(y, t)f(Z, )w(T(y,2"),t)dz"dy by sifting property of Dirac delta function.
0 y

Changing the dummy variables in the outflow term by using 2z’ and y and taking outflow
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s0  and inflow equations together, we obtain

=[] alhy.0)f w01 Duly. ) d' dy

) a(h(y, ) f(y, ) f (2", )w(T(y,2), 1) dz’ dy
=[] o) 0 DT . 2). ) — wiy. )] ' dy (32)
490 Taking all the pieces together and taking a functional derivative with respect to f(z,t),

s equation (31)) is rewritten as

) 0o oo
pu(z 1) = max dulz,t) + = [7 [ a(h(y, 0) f5, 0 (2, Olw(T(y,),6) = wly, O] d='dy 1.
h 5f(2, t) 0 Yy
492 Note that when we differentiate the planner’s HJB equation, we apply the envelope theorem

w03 by holding the optimal WFH policy fixed. Although the optimal policy, and hence the meeting
s intensity, may depend indirectly on the productivity distribution, the effects operating though
ws changes in the optimal policy vanish by the planner’s first-order condition. Therefore, the
w6 meeting intensity a(h(y,t)) is treated as fixed when taking the functional derivative. Therefore,

w7 the second term in the right hand side of the above equation becomes

(;f(i’t) /OOO /yoo a(h(y, ) fly, ) f(2', ) [w(T(y, 2), t) — w(y,t)] dz' dy

— /OOO a(h(y, t))ﬁ;g’ 3 /yoo f ) Aw(y, 2’ t) dz" dy + /Oo a(h(y, ) f(y,t) /yoo (;J}(é’f)) Aw(y, 2’ t) dz" dy
b [ attnsn 10 S by (3)

ws where Aw(y, 2/,t) = w(T'(y, 2’),t) — w(y, t).
499 The first term in equation can be rewritten as

/Ow a(h(y,t))5f(y t) /m £ D Aw(y, 7, 1) d dy
/ h(y,t))dp(y —z/ f(Z ) Aw(y, 2’ t) dz" dy

= a(h(z, t))/ FE L O[w(T(z,2),t) —w(z,t)] dz.
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soo  1The second term becomes

et pst / "D Nty dy
— y,t /oo dp(2 — 2)Aw(y, 2',t) dz’ dy

= Ty, )1y Aw(y, 2,t) dy

= (T(ya Z)v t) - U)(y, t)] dy

s The third term becomes

/ /Oof 1) 5Awy,),)d a0

~ b2 buly,)
‘/ alh(y ) f(wst) [ 1t l 5fzt) 5 | W

_ (5111(5,5)) f( t) dq by the result of equation
0 ’
/ Hat
of(q, )
dw(z,t)
Ot

502 Taking pieces together, we get equation in the main text.
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